Abstract. The notion of kernel of a representation of a semisimple Hopf algebra is introduced. Similar properties to the kernel of a group representation are proved in some special cases. In particular, every normal Hopf subalgebra of a semisimple Hopf algebra H is the kernel of a representation of H. The maximal normal Hopf subalgebras of H are described.
Introduction
In this paper the notion of kernel of a representation of a finite dimensional semisimple Hopf algebra is proposed. Similar properties to the kernel of a group representation are proved in some special cases.
Let G be a finite group and X : G → End k (M) be a finite dimensional representation of G which affords the character χ. The kernel of the representation M is defined as ker χ = {g ∈ G| χ(g) = χ(1)} and it is the set of all group elements g ∈ G which act as identity on M. (for example, see [3] ) Every normal subgroup N of G is the kernel of a character, namely the character of the regular representation of G/N. If Z = {g ∈ G| |χ(g)| = χ(1)} then Z is called the center of the character χ and it is the set of group elements of G which act as a unit scalar on M. The properties of Z and ker χ are described in [Lemma 2.27, [3] ] which shows that Z/ker χ is a cyclic subgroup of the center of G/ker χ.
If M is a representations of a finite dimensional semisimple Hopf algebra H and χ ∈ C(H) is its associated character then ker χ ⊂ H is defined as the set of all irreducible H * -characters d ∈ H such that d acts as the scalar ǫ(d) on M. Note that in the case H = kG the irreducible H * -characters are the elements of G and we obtain exactly the kernel of M as defined in [3] . We prove that ker χ = {d ∈ Irr(H * )| χ(d) = ǫ(d)χ(1)}. Similarly, the set of all the irreducible characters of H * that acts as a root of unity scalar on M is characterized as z χ = {d ∈ Irr(H * )| |χ(d)| = ǫ(d)χ(1)}. Section 1 presents the definition and the main properties of the kernel χ of a character χ and its center z χ . It is shown that these sets of characters are closed under multiplication and the duality operation "
* " and thus they generate Hopf subalgebras of H denoted by H χ and Z χ , respectively. We say that a Hopf subalgebra K of H is the kernel of a representation if K = H χ for a certain character χ of H. Section 2 studies the relationship between normal Hopf subalgebras and the Hopf algebras generated by kernels. It is shown that any normal Hopf subalgebra is the kernel of a character which is central in H * . Section 3 investigates the structure of the Hopf subalgebras H χ generated by the kernel of a character χ affording a representation M and which is central in H * . It is shown that H χ is normal in H and all the representations of H//H χ := H/HH + χ are the representations which are constituents of some tensor power of M. Combining this with the main theorem of the previous section it follows that a Hopf subalgebra is normal if and only if it is the kernel of a character central in the dual Hopf algebra.
Using a basis description given in [14] for the algebra generated by the characters which are central characters in H * we describe a finite collection of normal Hopf subalgebras of H which are the maximal normal Hopf subalgebras of H ( under inclusion). Any other normal Hopf subalgebra is an intersection of some of these Hopf algebras. Two other results that also hold for group representation are presented in this section. In particular Z χ //H χ is a group algebra of a cyclic group contained in the group of central grouplike elements of H//H χ .
In the last section we consider a double coset type decomposition for Hopf algebras. If H is a finite dimensional semisimple Hopf algebra and K and L are two Hopf algebras then H can be decomposed as sum of K − L bimodules which are free both as K-modules and L-modules. To the end we give an application in the situation of a unique double coset.
Algebras and coalgebras are defined over the algebraically closed ground field k = C. For a vector space V over k by |V | is denoted the dimension dim k V . The comultiplication, counit and antipode of a Hopf algebra are denoted by ∆, ǫ and S, respectively. We use Sweedler's notation ∆(x) = x 1 ⊗ x 2 for all x ∈ H. All the other Hopf notations are those used in [8] .
Properties of the kernel
Let H be a finite dimensional semisimple Hopf algebra over the algebraically closed field k of characteristic zero. Then H is also cosemisimple [6] . Denote by Irr(H) the set of irreducible characters of H. Let G 0 (H) be the Grothendieck group of the category H-mod of finite dimensional left H-modules and C(H) be its scalar extension to k. Then C(H) = G 0 (H) ⊗ Z k is a semisimple subalgebra of H * with basis given by the characters of the irreducible H-modules [15] . Moreover C(H) = Cocom(H * ), the space of cocommutative elements of H * . The character ring of H * is a semisimple subalgebra of H * * = H and under this identification it follows that C(H * ) = Cocom(H). If M is an H-module with character χ then M * is also an H-module with character χ * = χ • S. This induces an involution "
Let H be a finite dimensional semisimple Hopf algebra over an algebraically closed field of characteristic zero. Recall that the exponent of H is the smallest positive number m > 0 such that
The exponent of a finite dimensional semisimple Hopf algebra is always finite and divides the cube power of dimension of H [1] .
If W ∈ H * -mod then W becomes a right H-comodule via ρ : W → W ⊗ H given by ρ(w) = w 0 ⊗ w 1 if and only if f w = f (w 1 )w 0 for all w ∈ W and f ∈ H * .
1.1. Let W be a simple H * -module. Then W is a simple right H-comodule and one can associate to it a simple subcoalgebra of H denoted by C W [5] . If q = |W | then |C W | = q 2 and it is a co-matrix coalgebra. It has a basis {x ij } 1≤i,j≤q such that
x ii . Then ǫ(d) = q and the simple subcoalgebra C W is also denoted by C d . Proposition 1.1. Let H be a finite dimensional semisimple Hopf algebra over k and M and W be irreducible representations of H and H * respectively, affording the characters χ ∈ C(H) and d ∈ C(H * ). Then: Proof.
(1) W is a right H−comodule and one can define the map
Therefore T is a semisimple operator and all its eigenvalues are root of unity. It follows that tr(T) is the sum of all these eigenvalues and in consequence |tr(
It is easy to see that tr(T) = χ(d). Indeed using the above remark one can suppose that 
Similarly it can be shown that z χ ⊂ z χ n .
Proposition 1.4. Let H be a finite dimensional semisimple Hopf algebra and M a simple H-module affording the irreducible character χ ∈ C(H). Then the subsets ker χ and z χ of C(H * ) are closed under multiplication and " * ".
It follows by Proposition 1.
Similarly it can be shown that z χ is closed under multiplication and " * ".
is closed under multiplication and " * " then it generates a Hopf subalgebra of H denoted by H X [10] . One has H X = ⊕ d∈X C d . Using this, since the sets ker χ and z χ are closed under multiplication and " * " they generate Hopf subalgebras H denoted by H χ and Z χ , respectively. 
Normal Hopf subalgebras
As before let H be a finite dimensional semisimple Hopf algebra over the field k = C. In this section we prove that any normal Hopf subalgebra of H is the kernel of a character which is central in the dual algebra H * . Let Irr(H) = {χ 0 , · · · , χ s } be the set of all irreducible H-modules. Let M be a not necessarily irreducible representations of H which affords the character χ. Define as before
where ker χ i was defined in the previous section. Proposition 1.1 implies that ker χ is the set of all irreducible characters d of H * which act as the scalar (1)} then from the same proposition it follows z χ is the set of all irreducible characters d of H * which act as a scalar αǫ(d) on M, where where α is a root of unity. Clearly ker χ ⊂ z χ ⊂ ∩ m i =0 z χ i . Proposition 1.4 implies that ker χ and z χ are closed under multiplication and "
* ", thus they generate Hopf subalgebras of H denoted again by H χ and Z χ . For a semisimple Hopf algebra H over an algebraically closed field k of characteristic zero use the notation Λ H ∈ H for the idempotent integral of H ( ǫ(Λ H ) = 1) and t H ∈ H * for the idempotent integral of H * (t H (1) = 1). If Irr(H) = {χ 0 , · · · , χ s } is the set of irreducible H-modules then from [8] it follows that the regular character of H is given by the formula
The dual formula is
. If K is a Hopf subalgebra of H then K is a semisimple and cosemisimple Hopf algebra [8] .
A Hopf subalgebra K of H is called normal if h 1 xS(h 2 ) ∈ K and S(h 1 )xh 2 ∈ K for all x ∈ K and h ∈ H. If H is semisimple Hopf algebra as above then S 2 = Id (see [6] ) and K is normal in H if and only if h 1 xS(h 2 ) ∈ K for all x ∈ K and h ∈ H. Also, in this situation K is normal in H if and only if Λ K is central in H [7] . If 
Using the notations from the previous section it follows that H π * (χ) ⊃ K.
Let µ be any irreducible representation of H and ξ µ ∈ Z(H) be the central primitive idempotent associated to it. Then ν(ξ µ ) = δ µ, ν µ(1) for any other irreducible character of H.
Dually, since H * is semisimple to any irreducible character d ∈ C(H * ) one has an associated central primitive idempotent ξ d ∈ H * . As before one can view d ∈ H * * = H and the above relation becomes
. We say that a Hopf subalgebra K of H is the kernel of a character if K = H χ for some character χ ∈ C(H). Following is the main result of this section. Proof. Let K be a normal Hopf subalgebra of H and L = H//K. Then L is a semisimple and cosemisimple Hopf algebra [8] . The above remark shows that the irreducible representations of L are exactly those irreducible representations 
is a normal Hopf subalgebra of H * it follows from the same result [7] that π * (t L ) is a central element of H * . Therefore if we show that H |L|π * (t L ) = K then the proof will be complete.
Since π * (t L ) is a central idempotent of H * one can write it as a sum of central primitive orthogonal idempotents
where X is a subset of Irr(H * ). It follows that for any d ∈ Irr(H * ) one has that 
Proof. Suppose K is a normal Hopf subalgebra of H. With the notations from the above theorem, since ǫ ↑
Conversely, suppose that H ǫ↑ H K = K. Then using the Remark 1.5 it follows ǫ↑
Using Frobenius reciprocity this implies that for any irreducible character χ of H we have that the value of m(χ
). The remark above implies that Λ K is a central idempotent of H. Then K is a normal Hopf subalgebra of H by [7] .
Central characters
Let H be finite dimensional semisimple Hopf algebra over k. Consider the central subalgebra of H defined byẐ(H) = Z(H) C(H * ). It is the algebra of H * -characters which are central in H. LetẐ(H * ) := Z(H * ) C(H) be the dual concept, the subalgebra of H * -characters which are central in H.
Then φ is an isomorphism of vector spaces with the inverse given by φ
Recall that (h ⇀ f )(a) = f (ah) for all a, h ∈ H and f ∈ H * .
With the above notations, it can be checked that φ(ξ d ) = ǫ(d) |H|
d and φ −1 (ξ χ ) = χ(1)χ for all d ∈ Irr(H * ) and χ ∈ Irr(H), (see for example [8] ). Recall that ξ d is the central primitive idempotent of H * associated to the simple representation corresponding to the character d and ξ χ is central primitive idempotent of H associated to the simple representation corresponding to the character χ.
We use the following description ofẐ(H * ) andẐ(H) which is given in [14] . Since φ(C(H)) = Z(H) and φ(Z(H * )) = C(H * ) it follows that the restriction
is an isomorphism of vector spaces . SinceẐ(H * ) is a commutative algebra over the algebraically closed field k it has a vector space basis given by its primitive idempotents. SinceẐ(H * ) is a subalgebra of Z(H * ) each primitive idempotent ofẐ(H * ) is a sum of primitive idempotents of Z(H * ). But the primitive idempotents of Z(H * ) are of the form ξ d where d ∈ Irr(H * ). Thus, there is a partition {Y j } j∈J of the set of irreducible characters of H * such that the elements (e j ) j∈J given by
) =Ẑ(H) it follows thatê j := |H|φ(e j ) is a basis forẐ(H). Using first formula from 3.1 one has
By duality, the set of irreducible characters of H can be partitioned into a finite collection of subsets {X i } i∈I such that the elements (f i ) i∈I given by
form a k-basis forẐ(H * ) and the elements φ(f i ) = χ∈X i ξ χ form a basis forẐ(H). Clearly |I| = |J|.
The following remark will be used in the proof of the next proposition. Proof. Since χ ∈Ẑ(H * ), with the above notations one has χ = s j=0 α j e j , where
This implies ker χ is the union of all the sets Y j such that α j = χ(1). Using formula 2.2 the integral |H χ |Λ H χ can be written as
Then Λ H χ is central in H since each e j is central in H. Theorem 2.1 from [7] implies that H χ is normal in H.
Let V be an H-module with character χ and I = m≥0 Ann(V ⊗ m ). If L is the quotient Hopf algebra of H generated by the constituents of all the powers of χ then from [4] 
It is easy to see that HH + χ ⊂ I since the elements of H χ act as ǫ on each tensor power of V (see 1.2) .
On the other hand |L|t L is the regular character of L. Then ker χ ⊃ ker |L|π
= I it follows HH + χ = I and thus H//H χ = L. 
Thus any normal Hopf subalgebra is an intersection of some of these Hopf algebras H i .
3.3. If K and L are normal Hopf subalgebras of H then KL = LK is a normal Hopf subalgebra of H that contains both K and L. Indeed, if a ∈ K, b ∈ L then one has ab = (a 1 bS(a 2 ))a 3 ∈ LK and x 1 abS(
Let L be any Hopf subalgebra of H. We define core(L) to be the biggest Hopf subalgebra of L which is normal in H. Based on 3.3 clearly core(L) exists and it is unique.
In the next theorem the following terminology will be used. If M and N are representations of the Hopf algebra H affording the characters χ and µ then we say that χ is a constiutent of µ if M is isomorphic to a submodule of N.
If A is a Hopf subalgebra of H then there is an isomorphism of H-module H/HA 3.4. Suppose χ an µ are two characters of two representations M and N of H such that µ is central in H * and χ is an irreducible character which is a constituent of µ. Using 3.2 it follows that χ ∈ X i 0 for some i 0 ∈ I. Since µ is central in H * it follows that µ is linear combination with nonnegative integer coefficients of the elements f i . Since χ is a constituent of µ it follows that f i 0 is also a constituent of µ. The next theorem is the generalization of the fact that Z/ker χ is a cyclic subgroup of G/ker χ for any character of the finite group G. Proof. Since χ ∈Ẑ(H * ) one can write χ = s j=0 α j e j with α j ∈ k. A similar argument to the one in Proposition 3.2 shows that
Therefore Λ Z χ is central in H and Z χ is normal Hopf subalgebra of H. Let π : H → H//H χ be the canonical projection. Since H is free Z χ module there is also an injective Hopf algebra map i :
Proposition 3.2 implies that all the representations of H//H χ are the constituents of powers of χ.
From Remark 1.2 it follows that Z χ ⊂ Z χ l for any nonnegative integer l. Then any d ∈ z χ acts as a unit scalar on all the representations of H//H χ . Thus the image of any d ∈ z χ under π acts as a unit scalar on each representation of H//H χ and by Proposition 3.6 it is a central grouplike elements of H//H χ . Let C d =< x ij > be the coalgebra associated to d as in 1.1. Remark 1.3 also implies that x ij acts as zero on any tensor power of χ and then its image under π is zero. Thus i(Z χ //H χ ) ⊂ kḠ(H//H χ ).
Double coset formula for cosemisimple Hopf algebras
In this section let H be a semisimple finite dimensional Hopf algebra as before and K and L be two Hopf subalgebras. Then H can be decomposed as sum of K − L bimodules which are free both as K-modules and L-modules and are analogues of double cosets in group theory. To the end we give an application in the situation of a unique double coset.
There is a bilinear form m : C(H * ) ⊗ C(H * ) → k defined as in [10] . If M and N are two H-comodules with characters c and d then m(c, d) is defined as dim k Hom H (M, N). The following properties of m (see [10] ) will be used later:
for all x, y, z ∈ C(H * ).
Let H be a finite dimensional cosemisimple Hopf algebra and K, L be two Hopf subalgebras of H. We define an equivalence relation on the set of simple coalgebras of H as following:
Since the set of simple subcoalgebras is in bijection with Irr(H * ) the above relation in terms of H * -characters becomes the following:
where Λ K and Λ L are the integrals of K and L with ǫ(Λ K ) = |K| and ǫ(Λ L ) = |L|. In order to simplify the further writing in this section we changed the notations from the previous sections. Note that in the previous sections Λ A was denoting the idempotent integral of A (ǫ(Λ A ) = 1) for any finite dimensional semisimple Hopf algebra A.
It is easy to see that ∼ is an equivalence relation. Clearly c ∼ c for any c ∈ Irr(H * ) since both Λ K and Λ L contain the trivial character.
Using the properties of the bilinear form m given in [10] , one can see that if
The transitivity can be easier seen that holds in terms of simple subcoalgebras. Suppose that c ∼ d and d ∼ e and c, d, and e are three irreducible characters associated to the simple subcoalgebras C, D and E respectively. Then C ⊂ KDL and D ⊂ KEL. The last relation implies that KDL ⊂ K 2 EL 2 = KEL. Thus C ⊂ KEL and c ∼ e.
If C 1 , C 2 , · · · C l are the equivalence classes of ∼ on Irr(H * ) then let In the sequel, we use the Frobenius-Perron theorem for matrices with nonnegative entries (see [2] ). If A is such a matrix then A has a positive eigenvalue λ which has the biggest absolute value among all the other eigenvalues of A. The eigenspace corresponding to λ has a unique vector with all entries positive. λ is called the principal value of A and the corresponding positive vector is called the principal vector of A. Also the eigenspace of A corresponding to λ is called the principal eigenspace of A.
The following result is also needed: Proof.
(1) Let λ be the principal eigenvalue of T and v be the principal eigenvector corresponding to λ. Then Λ K vΛ L = λv. Applying ǫ on both sides of this relation it follows that |K||L|ǫ(v) = λǫ(v). But ǫ(v) > 0 since v has positive entries and it follows that λ = |K||L|. 
3 implies that the eigenspace corresponding to λ is the sum of the eigenspaces of the diagonal blocks A 1 , A 2 , · · · A l . Since each A i is an indecomposable matrix it follows that the principal eigenspace of A i is one dimensional (see [2] ). The rows and columns of any block A i are indexed over a subset S i of characters of Irr(H * ). The definition of ∼ implies that each S i is a union of some of its equivalence classes. Since A i is indecomposable it follows that S i is just one of the equivalence classes of ∼. Clearly a i is a principal eigenvector for T . It follows that the eigenspace corresponding to the principal eigenvalue |K||L| has a k-basis given by a i with 0 ≤ i ≤ l. 
• R Λ L with the maximal eigenvalue |K||L|. From Theorem 4.4 it follows that Λ K dΛ L is a linear combination of the elements a j . But Λ K dΛ L cannot contain any a j with j = i because all the irreducible characters entering in the decomposition of the product are in C i . Thus Λ K dΛ L is a scalar multiple of a i and the formula 4.7 follows. Let H be a semisimple Hopf algebra and A be a Hopf subalgebra. Define H//A = H/HA + and let π : H → H//A be the module projection. Since HA + is a coideal of H it follows that H//A is a coalgebra and π is also a coalgebra map.
Let k be the trivial A-module via the counit ǫ. It can be checked that H//A ∼ = H ⊗ A k as H-modules via the mapĥ → h ⊗ A 1. Thus dim k H//A = rank A H.
If L and K are Hopf subalgebras of H define also LK//K := LK/LK + . LK is a right free K-module since LK ∈ M H K . A similar argument to the one above shows that LK//K ∼ = LK ⊗ K k where k is the trivial K-module. Thus dim k LK//K = rank K LK. Proof. Define the map φ : L → LK//K by φ(l) =l. Then φ is the composition of L ֒→ LK → LK//K and is a coalgebra map as well as a morphism of left Lmodules. Moreover φ is surjective since lk = ǫ(k)l for all l ∈ L and k ∈ K. Clearly L(L ∩ K) + ⊂ ker(φ) and thus φ induces a surjective map φ : L//L ∩ K → LK//K. Next it will be shown that If LK = H then the previous theorem is the generalization of Mackey's theorem decomposition for groups in the situation of a unique double coset.
